We study weak ergodicity breaking in a one-dimensional, non-integrable spin-1 XY model. We construct for it an exact, highly excited eigenstate, which despite large energy density, can be represented analytically by a finite bond-dimension matrix product state (MPS) with area-law entanglement. Upon a quench to a finite Zeeman field, the state undergoes periodic dynamics with perfect many-body revivals, in stark contrast to other generic initial states which instead rapidly thermalize. This dynamics can be completely understood in terms of the evolution of entangled virtual spin-1/2 degrees of freedom, which in turn underpin the presence of an O(L) tower of strong-eigenstate thermalization hypothesis (ETH)-violating many-body eigenstates. The resulting quantum many-body scars are therefore of novel origin. Our results provide important insights into the nature and entanglement structure of quantum many-body scars. arXiv:1910.08101v1 [quant-ph] In this supplemental material, we provide details on (I) the dependence on magnetization of the level statistics of the Hamiltonian, (II) MPS calculations of normalization, the fact that it is an exact eigenstate of the Hamiltonian, and correlation functions, as well as (III) MPS calculations of the entanglement entropy.
Introduction. -Recent experimental progress in the engineering and control of well-isolated synthetic quantum systems, including ultracold atoms [1] [2] [3] [4] , trapped ions [5] , Rydberg atom arrays [6] , and spin qubits [7] , has allowed for quantitative studies of fundamental physical phenomena such as thermalization and the role of ergodicity in closed many-body systems. In such systems, the eigenstate thermalization hypothesis (ETH) [8] [9] [10] gives a generic prescription of thermalizing quantum dynamics. Known exceptions to the ETH include strongly disordered, many-body localized (MBL) and integrable systems [11] [12] [13] [14] [15] [16] [17] [18] [19] , wherein an extensive number of conservation laws break the ergodic hypothesis. The nature of ergodicity-breaking in these cases pertains to that of a strong kind-a finite fraction of energy eigenstates (potentially all) violate the ETH. Contrary to the volumelaw entanglement expected in the ETH, these states display sub-extensive amounts of entanglement.
Recently, it was noted that ergodicity can instead be violated in a weak manner. Such a scenario was highlighted by quench experiments with arrays of interacting Rydberg atoms [6] : Certain special product states were observed to exhibit surprising, anomalously slow thermalizing dynamics marked by long-lived, periodic revivals, despite other simple initial states rapidly thermalizing as expected in a strongly-interacting system. Subsequent theoretical studies [20, 21] have uncovered that underlying such dynamics are so-called 'quantum manybody scars' (QMBS), an extensive set of atypical, lowentanglement, ETH-violating energy eigenstates with finite energy density, which coexist with an otherwise ergodic spectrum-named in analogy to quantum scars in the single-particle quantum chaos literature [22, 23] . QMBS have by now been studied in various contexts. They have been obtained by the "embedding" of special states via local projectors [24] [25] [26] , exactly constructed in the AKLT model [27, 28] , uncovered in a spin-1 XY model [29] , and even connected to gauge theories [30] and quantum Hall physics [31] . However, despite intense efforts, a general theory behind QMBS is still not well understood and their origin has been vigorously debated [23, 26, [32] [33] [34] . Scenarios where QMBS arise, especially analytically tractable ones, need to be further explored to better our understanding.
In this Letter, we study weak ergodicity breaking in a one-dimensional spin-1 XY model. Despite its nonintegrable nature, we construct a highly-excited, arealaw entangled energy eigenstate that can be represented exactly as a bond-dimension D = 2 matrix product state (MPS), made up of underlying virtual spin-1/2 entangle-ment degrees of freedom as illustrated in Fig. 1 . Upon a quench to a finite Zeeman field, this state is driven out of equilibrium and undergoes perfectly periodic manybody revivals, in stark contrast to other highly out-ofequilibrium states which rapidly thermalize instead. The underlying spin-1/2 degrees of freedom provide direct insight into this non-thermalizing dynamics: We find the state's time-evolution can be understood in terms of a collective rotation of the virtual spins which are themselves entangled, see Fig. 1(a,b ). Underpinning this dynamics is an O(L) tower of many-body eigenstates, featuring entanglement scaling that is at most logarithmic in system-size, thus establishing a new set of QMBS in the spin-1 XY chain. In contrast to QMBS arising from a "protected" large physical-spin dynamics [24, 26, 29] , our example shows how the periodic dynamics of virtual entanglement degrees of freedom can also lead to QMBS, thereby extending the known classes of analytically understood QMBS.
Model. -We consider the following 1d spin-1 XY Hamiltonian H XY with periodic boundary conditions:
where S α (α = x, y, z) are spin-1 operators acting on local states |s ∈ {|1 , |0 , | − 1 } satisfying S z |s = s|s , and governs the strength of a perturbation V =
which we add to render the model fully chaotic (as discussed below). The Zeeman term i S z i commutes with the Hamiltonian, and defines the magnetization sectors m. We take J = 1 and assume even L. Ref. [29] considered a related, but not identical spin-1 XY model, and found a tower of QMBS there, explainable by the embedded eigenstates mechanism [24, 26] . When = 0, the model has magnetization, translation, spin-inversion, and reflection symmetries. While interacting, its ergodicity is contingent upon the magnetization quantum number m, see fig. 2 : For odd m (and upon resolving all other possible global symmetries), it is non-integrable and chaotic, as evinced by level spacing statistics probing level repulsion which falls into a Wigner-Dyson class (summarily encapsulated by r , the average level-spacing ratio r n = min(∆En,∆En+1) max(∆En,∆En+1) , where ∆E n = E n+1 − E n and E n is the ordered list of manybody energies [12] ). In contrast, for even m, the level statistics do not approach a Wigner-Dyson class (nor a Poisson class) even in the thermodynamic limit (TDL) and instead are more consistent with that of an integrable, interacting Hamiltonian. Indeed, this peculiar behavior can be explained as arising from a 'twisted' SU (2) symmetry that only affects even m sectors, as we show in the appendix [35] , following the analysis of [36] . To re- ) now all tend towards GOE statistics. (b) Distribution P (r) in the momentum k = 0, reflection R = 1, m = −2 sector circled in (a), with dim(H)=18204. The empirical distribution for P (r) agrees very well with the conjectured analytic expression, given for e.g. in Eq. (9) of [37] . move such dependencies, we will henceforth set = 0.2, whereupon level spacing statistics in all m sectors tend towards a Wigner-Dyson class (see fig. 2 ), indicating that the model is now fully non-integrable and hence chaotic.
An exact highly-excited eigenstate.-While the model (1) is non-integrable, it harbors a special eigenstate |ψ x when h = 0 which, despite its highly-excited nature, features area-law entanglement. This state is representable as a bond-dimension D = 2 periodic MPS with a two-site unit cell,
where the matrices A i , B i are given by:
with σ x , σ y , σ z the standard Pauli matrices. Using this representation, we can compute analytically for all L its energy H and energy variance H 2 , both of which vanish identically [35] , thus proving |ψ x is an exact zeroenergy eigenstate of the Hamiltonian. Note that the arealaw entanglement scaling already implies violation of the ETH; in fact, the state's entanglement entropy S(l) on l contiguous sites tends to log(4) as l → ∞ [35] . The MPS representation also allows us to show that the state has normalization 1 + 2(− 1 4 ) L/2 and is thus normalized in the TDL [35] . Furthermore, as the two-site transfer matrix has a single dominant eigenvalue, twopoint correlation functions are exponentially decaying. In particular, this implies that the MPS obeys the cluster decomposition lim |x−y|→∞ O x O y − O x O y = 0 for local O x , O y , unlike the states such as Greeneberger-Horne-Zeilinger state which is a superposition of macroscopically different classical configurations. We note also that the MPS is injective upon blocking of two sites that form a unit cell, implying that it can be prepared as the unique ground state of a local parent Hamiltonian [38] .
Spin-1/2 construction and underlying tower of eigenstates.-The MPS |ψ x is not just a peculiarity: It in fact begets a tower of L + 1 special, ETH-violating eigenstates |ψ n of the Hamiltonian (1) which persist even for h = 0. In order to understand these states, it will be helpful to construct the MPS as a projection from certain underlying virtual (spin-1/2) entanglement degrees of freedom (DOFs) onto the spin-1 physical degrees of freedom-the tower of states can then be thought of as particular projected collective spin states of these DOFs with sub-extensive entanglement.
To begin, consider replacing the physical spin-1 on site i by two virtual spin-1/2s labeled (2i−1, 2i), so that there is in total a spin-1/2 chain of length 2L. Now entangle pairs of spin-1/2s belonging to two adjacent spin-1s in an alternating fashion: Place the two spin-1/2s on sites (4i, 4i + 1) (of the enlarged chain) in the state |o = 1 √ 2 (| ↑↑ + | ↓↓ ), while those on sites (4i + 2, 4i + 3) in the state |g = 1 √ 2 (| ↑↑ −| ↓↓ ). The MPS is then generated by 'projecting' pairs (2i−1, 2i) of spin-1/2s on the virtual spin-1/2 chain back onto spin-1 degrees of freedom at site i on the physical chain using the local map
where (a i , b i ) = (2i − 1, 2i), see fig. 1 . Indeed, the A i and B i matrices of the MPS can be recovered by contracting the open boundary MPS representations of |o and |g (in a suitable gauge) with the global map P = i P i as shown in fig. 1 (c), so that
Note that although this construction seems very similar to that of the AKLT ground state, the "projectors" P i s are different. The underlying spin-1/2 configuration |φ x can in turn be understood as the highest-weight state of a certain su(2) algebra, but which acts on the virtual spin-1/2 level. To see this, define the following operators on the spin-1/2 chain:
where s α = 1 2 σ α , α = x, y, z, and s ± = s x ± is y . One can show that they obey the commutation relations:
Note that the operators J ± are not the standard spinraising(lowering) su(2) operators. Instead, they can be thought of as raising (lowering) operators for virtual pseudo-spins formed by the states |o and |g , which are themselves comprised of two entangled virtual spin-1/2s straddling each link in the original spin-1 chain [39] . Using these operators, |φ x can be easily checked to be the highest-weight state of the operator J x = 1 2 (J + + J − ) in the largest spin representation s = L/2, as claimed. Therefore, we can further write |φ x as a linear combination of eigenstates |φ n = |J z = n − L/2 of the J z operator carrying total spin quantum number s = L/2 (hence magnetization m = n − L/2), i.e. |φ x = L n=0 c n |φ n , which are nothing but the Dicke-states of the virtual pseudo-spins. Now, consider the states obtained by projecting the Dicke-states back to the physical spin-1 chain, |ψ n ≡ P|φ n . Since the map P preserves magnetization between the virtual and physical levels,
S z i P, we can immediately conclude that |ψ n have well defined total magnetization m = n − L/2 [40] . It is easy to show also that |ψ n are exact eigenstates of the Hamiltonian (1), with eigenvalues E n = h(2n − L): This simply follows from the fact that |ψ x is a zero-energy eigenstate of (1) at h = 0, and that all |ψ n are orthogonal with definite m. Thus, to recap, what we have shown is that the projected Dicke states |ψ n span a degenerate zeroenergy eigenspace at h = 0, which splits when h = 0 into a tower of eigenstates of (1) with equally spaced energies.
We note that |ψ n obtained this way, is in one-to-one correspondence to the set of so-called "bond-bimagnon" states |S n , given in the appendix of [29] , conjectured to be scars of a very related spin-1 XY Hamiltonian. Up to normalization, they are defined by
Our construction allows us to rigorously demonstrate their existence as eigenstates, and furthermore understand their nature, in particular their scaling of entanglement entropies (EE) S, as we do so below.
Entanglement structure of QMBS |ψ n .-The su(2) structure underlying |ψ n allows us to establish that they are sub-thermal eigenstates obeying an at most logarithmic entanglement scaling law, and hence are ETHviolating. In other words, |ψ n are, like |ψ x , QMBS.
To see this, we first notice that |φ n , being Dicke states, have a well known scaling of EE. Precisely, given a contiguous region of 2l spin-1/2s, such that the entanglement cuts are between the spin-1/2s that comprise two spin-1s on the left and right, then S = O(log(2l)). Note that such a bipartition respects the local action of J ± . If we now include the two spin-1/2s neighboring this region to form a new region of interest, so that the total number of spin-1/2 resp. spin-1s enclosed is 2l + 2 resp. l + 1, then the EE can only change by at most 2 log (2), from the subadditivity of EE and the Araki-Lieb triangular inequality. Of course, we are ultimately interested in the entanglement of the physical states |ψ n . But since this is obtained from |φ n by the product of local maps P = i P i , the EE of such a contiguous region enclosing l + 1 spin-1s cannot increase (encapsulated precisely by Nielsen's theorem [41] ), so that |ψ n has S = O(log(2l)).
In Fig 3, we plot the half-chain bipartite von Neumann EE. One indeed sees a lowly-entangled branch in the middle of the spectrum, well-separated from the bulk of the ETH-obeying, highly entangled eigenstates. Dynamical signatures of QMBS.-The tower of QMBS |ψ n we have uncovered underpins athermal behavior seen in dynamics. Suppose the system is quenched from the MPS |ψ x (when h = 0): Then, it is obvious from |ψ x (t) = e −iHt |ψ x = i e −ihS z i t |ψ x that while the state does evolve, the system does not gain entanglement, let alone equilibriate (note however it is already initially entangled!). This is in stark contrast to quenches from other lowly-entangled initial states such as product states |0 = |0000 · · · and |Z 2 = | − 1, 1, −1, 1, · · · at similar energy densities, which instead do thermalize ( fig. 4 ). For them, their half-chain EE grows linearly, and rapidly saturates near the Page value of a random vector.
The su(2) structure in fact allows us to understand the precise trajectory of |ψ x (t) through the many-body Hilbert space. Once again from P
Ignoring the map P for now, this is a collective rotation of pairs of entangled virtual spin-1/2s, evolving from the state |o to |g and back, see Fig. 1(a,b) . Taken together, they can be thought of as a precession of a 'large spin' (of the su(2) algebra (7)) initially pointing in the 'x'- direction around the 'z'-axis. However, remembering to incorporate back the action of the map P, one sees that this induces nontrivial entanglement between the physical spin-1 degrees of freedom, thus preventing a simple decoupled description of rotation of spins at the physical level. From this discussion, it can also be seen that |ψ x (t) undergoes periodic dynamics with perfect revivals, with the return probability going asymptotically as | ψ x (t)|ψ x | 2 = cos 2L (ht) in the TDL, as shown in Fig. 4 . Moreover, local observables oscillate periodically too, and do not approach a steady, thermal value. Such behavior is contrary to other highly out-of-equilibrium initial states, which instead quickly thermalize ( Fig. 4 ).
Discussion and outlook.-While the phenomenology described above, including an extensive set of subthermal many-body eigenstates embedded in a chaotic spectrum, i.e. ergodicity breaking, ETH-violating QMBS, as well as dynamical consequences such as perfectly periodic recurrences and non-thermalizing dynamics from certain special initial conditions, has been studied previously in other models, the present system provides a first example of an analytically understood model where the oscillatory dynamics cannot simply reduced to a decoupled description and is instead fundamentally entangled. We showed that this is related to the precession of a 'large' spin, at the level of underlying entanglement degrees of freedom, evolving under a non-standard su(2) algebra which acts on pairs of virtual sites-the underlying precession is then projected back to the physical spin level via a nontrivial map [43] . This is in contrast to the scenarios where weak ergodicity breaking has been understood analytically in terms of a collection of independently rotating-hence non-entangled-physical spins of a large global angular momentum sector, which are shielded from thermalization processes [26, 29] . In this respect, dynamics in the present model are closer to the periodic entangling and disentangling dynamics of the PXP model of the Rydberg experiments [6, 20] .
Our work uncovers a novel mechanism by which scars arise, involving the dynamical evolution of underlying entanglement degrees of freedom. It would be interesting to explore if there are other models that exhibit scars of similar origin. An immediate consideration is higherspin models, for which an analogous construction of an AKLT-like MPS and corresponding nontrivial algebra on the underlying entanglement degrees of freedom can be carried out. Our results may also yield some insights into the nature of the scarred trajectories in the Rydberg simulator experiments [6] , which do exhibit entanglement, as well as have connections to QMBS found in the AKLTmodel [27, 28] . Finally, connections to scars in lattice gauge theories [30] can be explored using the present approach.
I. LEVEL STATISTICS DEPENDENCE IN PURE SPIN-1 XY -MODEL AND TWISTED SU(2) SYMMETRY IN EVEN MAGNETIZATION SECTORS
We explain here the peculiar level spacing statistics dependence on the magnetization quantum number of the pure spin-1 XY -model in one-dimensions and periodic boundary conditions. The model is given by
where S α , α = x, y, z, are spin-1 operators. H XY has translational symmetry, magnetization (given by M = i S z i ) spin-inversion and reflection symmetry. In particular, upon diagonalizing the Hamiltonian in different momentum and magnetization sectors, as well as resolving fully the remaining global symmetries, one finds for example that the r-level spacing statistics, defined by
where ∆E n = E n+1 − E n for the sorted list of energies, tends, for large system sizes, to r → ∼ 0.53 for m odd , = 0.53 for m even ,
where m is the magnetization quantum number of M and · denotes averaging. For the former case, r ≈ 0.53 is consistent with that of Wigner-Dyson (WD) statistics in the Gaussian Orthogonal Ensemble (GOE), indicating the model in those sectors is non-integrable and chaotic. For the latter case, r tends neither towards a value expected of a WD-class, nor towards Poissonian statistics where r ≈ 0.39, but instead hovers around r ≈ 0.4, even in the thermodynamic limit (TDL). This indicates that in even magnetization sectors, there are further unresolved symmetries. Indeed, we are able to explain this peculiar behavior as arising from a twisted SU(2) symmetry, but which only affects the even magnetization sectors, so that the full Hamiltonian H XY does not have the SU(2) symmetry.
Kitazawa et. al. studied the XY model in open boundary conditions and an "artificial" one, showing that the models possessed a twisted SU(2) symmetry [1] . Specifically, for the latter case, the Hamiltonian was of the form
where S ± = S x ± iS y and J ij are arbitrary real coefficients. Defining the operators
one can show that they form a basis of an su(2) algebra (which is not the standard one)
Furthermore, one can also define the operators
where
which, obey identical commutation relations ass α i withs α i → s α i . From these definitions it is possible to show, that the global operators
also obey the commutation relation of su(2), i.e.
Now, through a lengthy but straightforward calculation as shown in [1] which we do not reproduce, one can derive that H XY commutes with s z T , s ± T . This implies that H XY has an SU(2) symmetry, though not generated by the canonical spin-raising and lowering operators, but rather by s α T , and so its energies and eigenstates are organized in representations of this "twisted" SU(2) algebra. In other words, this model, while interacting, is integrable. We therefore do not expect its level statistics, even upon resolving all possible global symmetries (magnetization, translation, if it exists, etc.), to tend towards a WD class.
This result allows us to make a connection to the model we study, H XY . Note that H XY does not commute with s ± T , s z T and so does not possess the twisted SU(2) symmetry. Nevertheless, its spectra in even magnetization sectors coincides with that of some H XY ; thus, its level spacing statistics in those sectors will not be of the WD class. To see this, consider m = 4n where n integer. Take J i,i+1 = J for i = 1, · · · , L − 1 and J L,1 = J in H XY . Then, we see that spectrum(H XY ) = spectrum(H XY ) for m = 4n.
On the other hand, consider m = 4n + 2 where n integer. Take J i,i+1 = J for i = 1, · · · , L − 1 and J L,1 = −J in H XY . Then, we see that spectrum(H XY ) = spectrum(H XY ) for m = 4n + 2.
This explains the observed trend in level spacing statistics of H XY .
as used in the main text) removes such dependencies and makes the level statistics of all symmetry-resolved sectors obey Wigner-Dyson statistics, whilst preserving the condition the MPS |ψ x is a zero-energy eigenstate. Besides this term, we also find that the terms
have similar effect.
II. CALCULATIONS USING THE MATRIX PRODUCT STATE |ψx
In this section, we use the MPS representation of the state for various exact, analytic calculations. First, we explicitly construct the MPS from the underlying spin-1/2 degrees of freedom. We then compute the transfer matrix of the state and obtain the normalization of the state. We then prove a result that is central to our paper: That |ψ x is a zero eigenstate of H, for h = 0. We finally compute various observables and two-point correlation functions, thereby characterizing the state. 11) and (12) . The numbers denote the dimension of the index labelled.
A. Constructing the MPS State
We first construct the state on L sites from underlying 2L spin-1/2 degrees of freedom. As discussed in the main text, |ψ x can be constructed by first laying down |o = 1 √ 2 (| ↑↑ + | ↓↓ ) on sites (4i, 4i + 1) and |g = 1 √ 2 (| ↑↑ − | ↓↓ ) on sites (4i + 2, 4i + 3) and then 'projecting' pairs (2i − 1, 2i) of spin-1/2s onto spin-1 degrees of freedom at site i on the physical chain using the local map
. This AKLT-like construction naturally yields an MPS representation for |ψ x .
In order to do so, we first find the MPS representations of |o and |g , which are simply: |o = σ,σ (M M ) σ,σ |σ, σ and |g = σ,σ (M J) σ,σ |σ, σ , where M and J are given by:
where σ, σ = 1, 2 and |1 = | ↑ , |2 = | ↓ . We then must apply the local map P i , which maps spin-1/2s from sites 2i − 1 and 2i onto a single spin-1 at site i. Note that P i , a 4-by-3 matrix, can be reshaped into a 2-3-2 tensor and expressed in the following MPS conducive manner:
We finish the construction of the MPS representation by contracting M , P , and M to form A (given in the main text) and M , P , and J to form B, as follows (see Fig. 1 ):
where σ, σ , ρ, ρ = 1, 2 are bond-indices with s = −1, 0, 1 is the physical index (mapping to the local spin-1 states |s ∈ {| − 1 , |0 , |1 }).
B. Transfer Matrices and Normalizing |ψx
In this section, we compute the single and two-site transfer matrices. As shown in Fig. 2(a) , the single site transfer matrix is simply found by contracting together the middle legs of two 2-3-2 tensor A. The object now obtained is a 2-2-2-2 tensor. The transfer matrix, a 4-by-4 tensor, is found by transposing the middle two legs and reshaping the 2-2-2-2 tensor into a 4-by-4 matrix. Similarly, T B can be found by contracting in an identical manner a pair of Bs, and then transposing, and reshaping as described previously. Simiarly, the two-site transfer matrices can be found, Fig. 2(b) . We have that
As T is Hermitian, it has the same right and left eigenvectors (|r i ) and |l i ), with eigenvalues γ i of T are 1, − 1 4 , − 1 4 and 0. In particular, the dominant eigenvector is found to be given by 1 √ 2 (1, 0, 0, 1) † . This property will be an important fact for the calculating of the reduced density matrices later. Note that the existence of a single dominant eigenvalue of 1 already immediately implies that the correlation functions are exponentially decaying and that the state is normalized in the TDL. Furthermore, it also implies that the state obeys the cluster decomposition theorem
From the eigenvalues of the transfer matrix it is evident that the normalization is given explicitly by: N 2 = ψ x |ψ x = Tr(T ) L/2 = 1 + 2(− 1 4 ) L/2 . Note that this deviation from unit normalization for any finite L can be understood from the fact that the middle state |ψ L/2 in the tower of scarred states |ψ n (which make up |ψ x , is not normalized, when constructed by applying the map P = i P i onto a normalized |φ n (as explained in the main text). It is rather simple to see why this occurs.
To generate the middle state |ψ L/2 in the tower, recall we can start from the state |φ L/2 at the spin-1/2 level. For the latter, the ladder operator J + = L i=1 (−1) i s + 2i s + 2i+1 must be applied L/2 times from the lowest-weight state of J z = 2L i s z i in the largest spin-representation of J · J, which is the state | ↓↓↓↓ · · · . By doing so, a superposition of L L/2 different orthonormal product states in the z-basis (| ↑↓↓↑ · · · etc.) is generated, with coefficients of equal magnitude albeit differing signs due to the definition of the ladder operator. At this stage, |φ n can be made normalized, |φ n → 1 √ N |φ n : the superposition of all the product states which make it up gives the normalization constant N = L L/2 . Now consider what happens upon applying the map P. All spin-1/2 product states that make up |φ L/2 map uniquely to a counterpart spin-1 product state, except for two product states, | ↑↓↓↑ . . . and | ↓↑↑↓ . . . . These instead both map to |0 = |000 . . . . For L = 4n, these states come with the same sign and constructively interfere, mapping to therefore give 2 copies of |0 . For L = 4n + 2 (n > 0), the states have different signs at the spin-1/2 level, and therefore destructively interfere and do not give any contribution when mapped onto the spin-1 level. Thus, for L = 4n, in the superposition of the spin-1 product states making up |ψ n=L/2 , there are L L/2 − 2 orthonormal product states with equal magnitude contribution and a copy of |0 entering with twice the magnitude of the other terms. The norm of the state |ψ L/2 is therefore
. On ther other hand, for L = 4n + 2, there are L L/2 − 2 orthonormal states with equal magnitude and no copies of |0 , giving a normalization of ( L L/2 )−2 ( L L/2 )
. It is possible to see, from similar considerations, that for n = L/2 this construction/destruction interference does not happen - In this section we prove that H|ψ x = 0 for h = 0. We show this by calculating H and H 2 using the MPS representation and showing that both are 0, thus proving that H|ψ x = 0. Note that the calculation of the latter quantity H 2 is actually sufficient to show this result due to the positive definiteness of the inner product. We first calculate the single site energy expectation, then show that H 2 XY =0, and finally show that V 2 =0. The energy calculation is straightforward : 4 j=1 γ L/2−1 j (l j |T H |r j ) = 0, where γ j , |l j ), |r j ) are the eigenvalues, left and right eigenvectors of the transfer matrix T and T H is the local energy operator sandwiched between matrices A, B, as drawn in Fig. 2(b) . Such a result is also true upon swapping B ↔ A. Thus, H = 0 in total.
We now calculate H 2 XY . Note that h XY is used as short-hand (with self-evident context),
. This leads to four classes of terms as shown in Fig. 3 : (a) "diagonal" terms where two h XY act on the same pair of sites, (b) terms for which two h XY s do not overlap and begin on sites of different parities (for example, one h XY is placed on sites (1, 2) ,another placed on sites (5, 6) ), (c) terms for which two h XY s do not overlap and begin on sites with the same parity (for example, one h XY is placed on sites (1,2),another placed on sites (3, 4) ), and (d) "overlap" terms for which two h XY s straddle three sites (for example fixing a particular pair of sites (1, 2) where the first h XY acts, we place the second h XY one site to the left and right of it, so there are actually two such terms, on sites (2, 3) and (L, 1)).
It is possible to exploit the two-site translational invariance of the MPS representation by selecting, once for each parity, the site at which the first h XY begins, and then placing a second h XY anywhere on the lattice. However we find that there is no difference between placing the first h XY beginning at an odd site (where tensor A acts) or an Figure 4 . Two point correlation function S x 0 S x r plotted as a function of r, the distance along the ring from the origin, for L = 50. Note that the correlation function seems to decay as 1 2 l , where l is the absolute distance from the origin.
even site (where tensor B acts). The MPS contractions (we only show it for A) give the following:
Tr
where T O is the transfer operator which captures the situation in which two h XY s straddled the first three terms, while T O is the transfer operator which straddles the last term and the first two terms. Note that
Taken together, all terms sum to 0 for any L and thus, H 2 XY = 0, implying that H XY |ψ x = 0. One can go through the same calculations (with the same contractions), swapping out h XY for
In this case however, all of the terms which are analogous to the above terms in Eq. (13)-(17) are identically 0. (It is actually easy to see V i |ψ x = 0 through different means because V i = | − 1, 1 1, −1| + h.c. and in the expansion of |ψ n over product states in the z-basis, there are never any local | − 1, 1 or |1, −1 configurations.) Thus, all together, these calculations show that (H XY + V )|ψ x = 0.
D. Observables and Correlation Functions
Using the transfer matrices and operators defined above, it is straightforward to compute single-site spin observables and two-point spin-spin correlation functions for the state |ψ x . Note that the calculations are very similar to the calculations shown above. First, we note that S z i = S y i = S x i = 0, at any site i. We now present the two-point (connected) correlation functions. We note that S z i S z j = 0 if |i − j| > 1: For |i − j| = 1, S z i S z j = 1 4 and for i = j, (S z i ) 2 = 1 2 . Now, we present the S x and S y correlation functions.
For i odd and j even: For i odd and j even:
An example of one of these two-point correlation functions is provided in Fig. 4 .
III. ENTANGLEMENT ENTROPY OF |ψx
A. Eigenvalues of the reduced density matrix of |ψx
We prove here the result that the reduced density matrix ρ A of |ψ x (in the TDL), for a (contiguous) region A comprised of sites 1, · · · , l, has eigenvalues 
Our proof will also furnish the four eigenvectors |Λ i , i = 1, · · · , 4 of ρ A . The reduced density matrix, is given in fig. 5 (a). We start by noticing that the transfer matrices T A , T B , T = T A T B of the matrices A, B making up the MPS |ψ x , have a single dominant left (l 1 | and right eigenvector |r 1 ) with unit eigenvalue. In fact, |l 1 ) = |r 1 ) = 1 √ 2 (1, 0, 0, 1) † ,
which we note is simply the identity matrix 1 0 0 1 (a 2 − 2 tensor) reshaped into a vector (a 4 − 1 tensor), multiplied by the coefficient 1/ √ 2. Thus, in the TDL, ρ A can simply be written as
where We consider as an ansatz |Λ = s1,···s l Tr (A s1 B s2 A s3 · · · σ) |s 1 , · · · s l ,
to be an eigenvector of ρ A , which is nothing but the original MPS but on the subregion A, with appropriate boundary conditions given by the matrix σ, see fig. 6 (a). We parameterize this as
The condition to be solved then reads |Λ is an eigenvector of ρ A , that is, ρ A |Λ = λ|Λ . It is sufficient (though not necessary) to solve the expression, written in diagrams in fig. 6(b) , for |Λ . Consider first even l. Upon evaluating Fig. 6(b the MPS representation of the state to compute, numerically, for finite L, its von Neumann entanglement entropy for bipartitions of the chain into two contiguous regions. (Of course, it is expected that the differences in numerical calculations and analytic expressions will be exponentially small in system size).
In order to obtain the Schmidt decomposition of the state and thereby extract the entanglement spectrum of state, the periodic MPS representation of |ψ x was converted into one of two open boundary condition representations of |ψ x , based on the parity of length of the subregions of the system upon bipartition, by "doubling" the PBC MPS representation (see Fig. 7 ). Upon obtaining the OBC MPS representation of the state, to obtain the Schmidt decomposition of the state, we simply put the OBC representation into mixed canonical form from which we read off the singular values [2] .
